On Almost Hermitian Manifolds by Shahid, Mohd. Hasak
Is 
ON ALMOST HERMITIAN MANIFOLDS 
DISSERTATION SUBMITTED 
IN PARTIAL FULFILMENT FOR THE DEGREE OF 
Master of Philosophy 
IN 
MATHEMATICS 
5 i 
BY 
M O H D . H A S A K S H A H I D 
DEPARTMENT OF MATHEMATICS 
ALIGARH MUSLIM UNIVERSITY 
ALIGARH 
1984 
ll 
^-jr^IAOLIu,^^^ 
x: K<. 
DSfi2-Z 
2 2 AUO. 
^eA ' 1m '^ io^^ 
?lf5BC^ 
GN AUIOST HEUMXTXAN M/tt4XP0LDS 
III PatUal faUUsiii i int tb» ddgs^t of 
um«R OF mwm»wi 
m 
By 
iioHD* hiMjm msm 
tmmrusm or iiATHi^ \Ti:ig Atmm MUitn wmm^mt 
m4 
C O W T B W T S 
/CKMC»tf|£D6BMENT «••« (i) 
PREF/VCE • • » • in) 
CHAPTER t 
UU fiimSt COHPLEX imiFC&M **** ^ 
i * 2 » CC J^STANCY OF CUI»fAtimfi • » • » 3 
I . 3 . ALMOST CGNT/UST MAHirOU^ • • • # 6 
1 « 4 « SU8MAN2F0I.OS . • • • 7 
CHAFTER Xt 
2 # i « ^fi«-KAEHtER STRUCTURES OF LINEAR TYPE • • » • U 
2 » 2 * tCLUSZOI nELATIC^S AMGNG PRS«4g^EHLSa 
STRUCTIBES • • • • U 
CHAftm XII 
3 a « IHMERS^IIS « . » « 18 
3*2« XMMERSICNS OF ALMOST HEHMXTlAH MANZFOLDS * » * • X9 
3*3« XM/l@RSIOMS OF NEARLY KAEHLER flANXPOLOS * « » • 2 1 
3*4» ZMStERSXCNS OF QUASI KAEHLER MANZFOLOS « • • • 2 2 
3 « 9 * XMMSRSIQNS OF KAEHLER HIANXFOLOS # * • • 2 4 
CHATTiR Bf 
4mU INTBODUCTION •«• • m 
4«2« S&:TZQNAL CURI/ATimE OF A CII«^ B»ANXFC»»0 «».* » 
4«3« O-PARALLEL NOUiAt. SiCTICNS ON A 
Ca«6UBMWZFOU3S •«»» 33 
4 ^ « CR-fiUBMAHZFOLDS OF A COMPLEX SPACE FORM •»•« m 
CHAPT^V 
S a « INTftOOUCTXON • • • • 37 
»,2» XNTEGRA3ZLXry OF l«)ltZZONTAl. 
DZSTRZBUTZGN D • • • • 39 
9*3« INTEOaABZLinr OP VERTICAL OXSTRXBUTXCN D^ • • • • 42 
R E F S R E H C E S •«• • 47 
X li«v» iTMt piMttirt ill tipttttiiig 4i«p«»t Mittt of 
9s«titttdt to wf toaelwr and ovpiyvltor Prof* S* Xshav Htitaliit 
who ifittoduettf m to tht fioid of aodofn Oiffofontlol QooMtiy* 
Hit eonttaiit oneoMrogomntti eo«tittttotivo cr i t ic IMI antf iiieitf 
•uog^otiont liavo sono • long iM|f in tHo suceooofiti coaplotion 
of tho prttont «orl« 
X an tpteiaUy tiiaidcfiii tc» Or* Shariof DoahmMl antf 
Dr* Sharftedtfin for inaimtrablt diaotttioiia and incoaaant 
•ficottragoaant and hoXp* 
X takt thia opportunity tc» oxproaa m tliania to «y 
eowerkora Nagaieli» TaXi^ Onvapi ShiMid Aii and Viqar Aim mio 
hoXpod in irari^ta iMya during tlio cmtrao of thia work* 
X w i ^ to A^mowiodgo tho finiweial ani^ port ««iieh X 
roeoivod in tho fors of Junior foUowahip froa Aligarh iliiaiia 
Univoraity to carry out thia roaoarch wo^* 
Finaiiyt «y thanka aro aiao duo to Mr* Fatal Raanain 
Naqvi for hia oxcoiiant typing* 
mm* HASAN SHAHXD 
P R E F A C E 
flMMMMIMIMHMMMMMMMIMMM 
TIM ttiidy of alnoit eonplox and fUehtov tttnlfoldt htm 
h%9n •xttnilvtly don* diM» to thtir vieh gtoaotirle Miit topolo** 
fieoi eharoetffit «• INIU at <liio to tlitlv oppUeotieiit In Phytioo* 
Tlio otttdy of olaott eoaplox •tructuvoi on diffoirontiiblLo MIII* 
foliito ««• inltiotod l»ir A« Htoil oind E«liooaAfiii In IM7« Sine* 
tli«i va»ioi» tiMielAUsod itjniottiioo of olsMt eooplox Mnifoldo 
liavt boon otiMiaod* Tlio ttoot iaiMtttwit boing Koohlor aaaif oid« 
Otrioy mnifoidt l i io olaoot Hor»lti«At noa^ rly Kaoblor and (maii«» 
KaohJtot ote« «io»o dtfinod by giving oovoral eenditiono on an 
alooot ooapiox aanifoid wbich aro aiigtitly tMakoar than tlioao for 
Xaohior aanifoid* With a viow to study thoto apocialigod atrtic* 
turoa botivoon aiaoat coopiox and Kaohlor atsuctufoa in a ayato-
natic wayf tho first attoapt waa «ado by Vidal and Harvolia «vho 
eaiiod than Pro<4C(Mihior atrueturoa* 
Tho fKreaent diaaortatiOA ia dtvotod to tho atudy of eortain 
aapoeta of Kaohior Mnifolda and aubaanifolda of alaoat Hondtian 
aanifolda* Tho cttaaortation eoapriaoa fiva ehaptora* Chaptor Z 
ia introductory and givoa a briof xoaisao of tho ttisory of aiaoat 
coi^lex imd alflMiat contact tianifoidn aa woU as thoory of aiib* 
sanifol^ «hi«sh art of ro2ov«teo to our tubsoquont ehapt«ra« 
Ch«pt«t H ! • <li¥otiiii to tiM study of eUttot of oisott 
Hoimltiift ntiilfoSdt* Stf p^tlng iuitablio con«fttloii» on al»oot 
ooai^ lot ttsiHs^xo^ tHo ttfuotitfto iiko aittett Hosnitimit ntairly 
Ka«lilo«« qpiti«iC«tlil«r etc> ^ «(iicii «ro tU^itly nfookov trtan 
tliAt of fCootiUr BHtfilfoi^* VIcHil md HtrvoUa [23} cuiUod thow 
ProHKothiof ttrtiettiffot* Di this ehaptot wo otti^ Pio«Ktolilov 
•tvuetttsos obtoiiitd l>y Vidal and ftetvoUo* and Huotoint Rokooli 
and Stiarfitddin* Tlio inelttolon xtiatlont of tlwao Pw'^9ht%w 
•tsuettixta liavo alto baon atttdlad* 
H I eliaptasr l i l t lia atti# of gtoaotf y of iantvaod aiibaani«» 
foida In a givon nanlfoldf In pavtlouiat thoao of fCaahlatt 
noavly Kaaliltr and i^aal«4Ca»lilair aanlfelda* 
In ehi^ tair l^^w atitdy tlit thaovy of Ol^ aulMianlfolda of 
Kaahlax mnlfoldf Intxoduoad by A* Bajaneu Cl} In 1978* Tlia 
atttdy of Ca««ttiQanlf o l ^ baeooa lapoHant t>oeauaa thoy Includa 
a l l typaa of atibaanlfelda vl«» Invarlantt «itl*lnvatlant» ate* 
aulmanlfolda* 
titoti^ ;^  In lldPlill diaatxtitlont ^a oarlglnal contHbutlon 
la not aipaotad* l^ wNifOti In Chaptas V» m Inooxpotata tha 
xaatilta obtalnad by tiia autSior on tha aaiBl«lnvaxlant aiibaanl* 
folda of naarly aaaalilan ««eilfolda* 
CHAPTBI-I 
I N T H P B V 9 T , 1 9 1 1 , 
Xn thie chapter \m give bxiei resttno of theor/ of almost 
coin^ JlQXff aliaost contact mnifolds as well at theory of sidnnani-* 
folds ni/hJLch will bo u^d in sulMociuont chaiitors* 
In 1947» A««»eil pointed that in a COB^ IOX nanifoldf 
there exists a (1>1) tinsor field J tsihose s(|uare is aiaus 
unity* lie considered an even difoenslonal manifold carrying a 
(If 1} tensor field whose square i s mimis unity and called i t 
an fltefftt Vamiin mMM* »aturaUy ©very complex manifold 
i s an almost complex manifold lout the converse need not be 
true* Later ont in 1951» Mijeiihuis introduced a (li2) tensor § 
called t!ie Hijenhuis tensor on an almost coi^lex manifold 
defined by 
{i*i*i) M(K,v) « Cx,y3 4^j[jx,yj •J[X,JYJ - cjx,jr] 
for X»Y 6 ^ (M) and had 9h<mn that the vanishing of this 
tensor i s the necessary and sufficient condition for an almost 
eoeiplex manifold to be a ccqplex manifold* An almost complex 
t 2 t 
In the d«tciriptioR of thB geomtTf of aliio»t HozBltiafi vmnV* 
foldt on® •pQci&i tontor i« €^ fin®d in tmsm of tlit alttott 
cockles QtructujTO J «nd Is considez«<i vovy laiiosrtant* Thio 
t@n80ir i i a 2^oxis Ft eallod tl^ iCai^ h^ og fewi and i t i s 
dotinetS m 
(1.1.3) F(X,Y) m 9(^,V) . 
sinco i t !• itcmi t^maitvict i t i t indtetl a difftrontiai fozm. 
Tho aliaott coi3Q»i«x stmetuiro J i t nott in gtnezait 
paxaliel with i:o«p@6t to ths liioaannian connoction dofinad by 
tho HofQitian aatido @« 
It thas^ nara othQ;r i^al^y c^n^tiona on an al»oat 
llaxsiitian isinifoid »hieh ^va tha foiiondng Pra- i^hlasr manifolds 
[233. 
IMMMMM* ^ al@oat Haraitian eanifoid M ia called 
( i ) ^ahier amifoid if i t adsiLta a Riwaanniam connection V 
with ce8|)tet to which the alm&t coe^lax atxuctuva ia pazaUal 
i . e . (Vj^) • Ot 
t 3 I 
(iv) H6i»itiaii if H(X»V) » 0 otw •ciuivaitiiUy 
x,y,2 * 
for aU KfY 6 3£(M)t lirtisfo ^ ^note« tha eycUe mm 
XtV,Z 
tal:er* mm: XtV,z ^ :^ (M)» 
It i t easy to i t t that a ICaohlor sianifoid i t nearly 
iCaehiort ana a nearly KaehXer ia tpasi {Caehler manifoid* 
Ci.2) CTM#M w <?mMm^* 
pE¥MMimm For each piano P in t ^ tangent apace tjiu) 
spanned liy orthoniKPidi vectors K* and X^t the sectienal 
f^ugyatt^ K{P} for P it defined by 
(i«2a) KiP) m E(X|tXg»3^tXj^)eg(H(X|,X2)X2iXj^) » 
The sectionai curvature IC(P) i s indepenaint of the 
choice of an orthonoroai basis Xj^ t X2 ^d the set of values 
of KCP) for all planes P to Tjj<M) cteteraines the Eieaifflinian 
curvaturo tensor at % of n* U K<F) is a constant for all 
t 4 I 
plants P in Ty<M) and for all points x of M« thou M 
is called a s«ag« of constant eurvaturo* A RiOMnnlsn aanifold 
U of constant curvature is eallod a MMSSLXSOM^ ^ ^ *^ ^ 
apace form of constant curvatuire Ct ther> we have 
(1.2.2) R(X,Y)Z « c ^  g(Y|.Z)X - g(X,2)Y] . 
Now« we have the following well tmown theorem due to 
Schur [24] ' 
THEOF^ (1«2*1) Let tf be a connected Hiesuinnian aanifold of 
dimension B > 2* If the sectional curvature K(P) depends 
only on the point Xp then M is a i^ace of constant curvature. 
DEPIMniON Let K(P) - R(Xty,X,Y) be the sectional curvature 
of a Kaehlerian manifold M for a plane P in T^^CM) spanned 
by orthonomal vectors X and y« If P is invariant by the 
complex structure J» then K(P) is called the helomorohic 
Again» if the plane P is invariant by J and X is a 
unit vector in Pf then Xf JX is an orthmormal basis for P 
and hence K(P) » R(X,JX»X»JX). If K(P) is a constant for 
all points X of ll» then M is caUed a fpagf 9f g?niUnt 
t 5 t 
QoicOMrg and Kobayashi &ntro<luetd the notion of JfefilSBSS^  
iMfi i;^ lfft<?\tenil tlttYaltfW 'or KaehX«» nanlfoids* Actually i t 
io ^aslbie to define tho holoi!K>sphic bisoetionai cuirvatture 
eCK»V) for any almost lleziBltian manifold. Ttmt if X»V€3)^ <H)» 
and il X II ^ 0 ^ 11 ¥ tl , th«n 
B(K»Y)l| %f II nf m g(R(XrlX)y,4Y) • 
Tho following ia a Kaahlarian analogua of ScliurU 
tbooraia [24]* 
TllEQESi (1«2*2) tot M b@ a eonnoctod Kaahlorian isanifold 
of coBplex dJbasnslon n i; 2« If the holonorf^e aaetional 
curvaturt KiP) dapenda only on x ^ Mf than II ia a ^aca 
of conatant holoaorphlc aactional curvatura* 
A Kaohlar aanlfold of conatant holosiorphic aactional 
curvatura ia called a CTWlfK iHggg fftCT* f^ «» »• *»va tha 
following well knoim remit [28} • 
THEOiiElt (1«2*3} Zf a Kaohlar toanifold M ia of conatant 
holoiaorphie aoctional curvature cCn) at every point a £ Up 
then ttm aiemannian curvature tenaor of M« R(X«y»Zt«) ia of 
the form 
t 6 s 
(1.2.3) R(X,Y,Z,'>ls) « — . •^g(XpW)9(V,Z)-9CX,z) oCVtW) 
•g(XtJW) g(y,JZ) -g(X»JZ)g(Y,JW) 
-2gCx,JY) gCZtJM>Z 
for any vectors XfYyZiW ^  T^ C^M) atd the scalar e(n) is an 
absolut® constant. 
(1.3) imm ,^mm WW^PJ 
A (2Rfl}«{iiiwnsionai differentlabis manifoitil H is 
called an l lmfl mn%9^^% lim%i9U i^ i t Is equipped with a 
triplet (^i^ ff})tf imere 0 i s a (Itl) tensor fieldf K a 
vector field and n a Inform defined on 1 satisfying [22] 
(1.3.1) ^ s - H - f i ® ^ , 4>(4^).0, f|(<^) - I t tjoi^  » 0 
(1.3.2) g(tx, W » g(X»Y) -ir|(X) i»(Y). g(Xt^) — n(X) 
where X and Y are vector fields on 1. 
An alfflost contact aanifold 1 together with the above 
Rienannian netric g is called an ftMltf %9n\^*i% jf^gtfi 
ff^nifold. 
AS an analogue to ICaehler condition* Sasaki [22] put the 
following condition on an alaost contact manifold 
I 11 
Slid eaUod i t a ^a§i^|gn Mf^jfl^* 
AiaOf an alaott eontaet laanif old 1 i t eaile^ HIMlX 
SaaaJeian naiiifold i f 
(i.3.4) C V^)Y • C Vyl»)x « n(Y)x*n(x)y -:^(X,Y)^ . 
I»i»t 1 i3@ an fi« l^i!»ii8ic}fiai laanifold and M bo an 
a-ditonaional mnifoid wliiefi isi iaoiaotricaUY iinwarted in 1* 
Then M is called stilsaianifGid of 1* 2f 1 i s a Riaisanniafi 
manifoidf tt^n i^ Rieiaannian mE»tric in^ces a Eiasiaifinian satsie 
on M BiaieiR^  i t into a Hiaiaannian nianifold* Aiao for aach 
p £ U wa hava 
T^ I • T M • T,I; M P P P 
whart T„M i s tangent space of M and ttte oirthogoifiai eoapieo p 
fflent T^ M i s called the noxniil space of M at P« Thus 
with the suisnanifold we associsite two fibse isitndles TM(MyO(8()) 
and T M(MtO(n«*a)}9 the f i tst one ia tangent bundle and the 
second one i s nofaal }:»indle* 
t 8 t 
Th* Ritniniiiaii eoniMctioit V on H inaitcet Himaimian 
connection V and ^ on M and in tfm noxnal bundlo 
retpoctivoiyt and thoy aire xeiat«d bf the Gauta and kieingarten 
forauiae [24] 
Cl.4.1) ^ x ^ " x^^ **' ^^•^^ 
Cl.4.2) Vj^i m mp^ • sj^n 
for XfY tangent to M and H noroal to Mf wheze hCXfY) 
ie cailed the aeeond fundanental foxm of the Imneraion* The 
eeeond fundanentai tenaor A^ j ia related to the aeeond funda* 
tsontal fotn h by 
(i.4,3) g(h(x,y),ri) m g(A^,x»y) ^  
Let I and !l be the niemannian curvature tenaor of B 
and M reapectively* Thent for any vector fieida XfY and Z 
tangent to Mf we have 
iU4*4) ICX,V>2 « R(X,Y)Z - % ( Y , Z > ^ * ^l(X.2)^ * (Vxh)(Y,Z) 
where the eovarlant derivative V ^ of h ia defined to be 
(1.4.5) CV^hXY.i.) m Vx^(h(ViZ))-hCVjjY,z) M'ifSIj^Z) 
I 9 t 
for any vectcr fi@lci« XfV and £ tangont to M* Zf Vx*^*^ 
for any voctor X tangtnt to M» thon the second fundamental 
f orta h of tl l8 said to be Pai^liei* 
From (X*4«4)f we have equation of Gausa 
(1*4.6} 9Cl(X,y}Z,kO «g(R<X»Y)2»Kl} «-g(h(X»^ )^»h(Y»;z)} 
'«>g(h(Y»ih h(x,z)) 
for any vector fields K9Y9Z and ^i tangent to M« Taking 
the normal co6^»onent of (1*4 •4)9 nw h ve equation of Codazzi 
(1.4.7) Cl(.i,V)Z) - (yx*>HV,Z) - (VyhXXtZ), 
(lt(X»y)Z) denoting the nonaal conponent of 17(X9Y}Z. Ue now 
define the curvature tensor R of the nonoal bundle of M by 
H^ (x,y)v - ViJ- v i V - y.^ Vx^v - Vj^^yj v, 
XtY being vector fields tangent to M and V a vector field 
normal to M. thon we have equation of Hicci 
(1.4.8) g(I(X,Y)U,V) a g(H (^K,Y)U,V) • g(^,Ay3X,Y), 
whore IP^9 Ay3»A^ ' H J - ^ I ' V * 
t 10 t 
i 
li H B Q« then th9 noxaal connect ion of M 10 said to be flat 
A vector field V nortaal to M is said to be parallel 
i f y^ V « 0 for any vector field X tangent to M* The 
mm twrvqt^ igt tfnggy M ©^  ^^  i s defined to be y^  • ^^r^V(n4-l) 
T^ h denoting the trace of h* If /^  • 0» then M ie said to 
^ AbliliftA* ^^  ^^ ® second fundasental fozia h of M i s of 
the fcro h(X,1f) « gCx,Y)yV , then M i s said to be i(2JUUX 
mi^iXijtMl* tn particulasTf if the second fundaiasntal form A 
vanishes iUontically> then M is said to be totally Qeodesie. 
mmmu 
Xn tt^ pxec^ Gding chapteft wo gave several eonctltlont on 
an almost coo l^ax oianifolci to be alsost Herisitiant alaiott KihUr^ 
quasi Kashler and nearly Kaehler which are slightly weaker than 
those for Kaehler manifolds* Vidal and Harvella [2^3] called 
them Pre-Kaehler Structures* &) this chapter* we discuss linear 
Pr@«>^ ehl@r Structures obtained triy vidal and Hervella [23] and 
Muaaint lialeesh and £iharfuddin [ISJ* the inclusion relations of 
pro*Ka©hl®r structures have also been studied* 
(2,1) M-^ Aiiifffi ^RVgmi^ f^ mm mu* 
qEFHiUHMm A Pre^ -Kaehler structure has linear type if 
<2.1.1) ( V3jJ)Y+AiJ( VjjfJ)Y+;\2J( Vx )^Y^A3( VjxJ)Y^V V^)^ 
^ c r o A^€ R$ i»l»29*«*t7* 
JMMMJM* An almost Hermitian manifold M is said to be 
I>re*'Kaehler when its almost complex structure satisfies soiae 
GonditloR as a linear combination of the covariant derivatives 
of J which includes Kaehler manifold as a particular case* 
I 12 I 
The foiioysfing dsfinition gives useful notation to make 
tho calculations easy* 
pF3K3EClUN* Let M bo an almoot Hocmltian laanifold and 3t (M) 
tho l i e algebra of ti-ui vector fields on M* Then bf ISt Jbt Jl» 
s , I , .^^are the mp9 9e{U) X ^ (M) -—> H (M) defined by 
b(X,V) - ( Vjx'J)Y • HX.Y) « ( VjyJ)X 
S(X,Y) • (Vx-^ ^^ • tiXpY) « (VyJ)X 
Jb(X,Y) « J( VjjjJ)Y • •< VjxJ)JY 
J^ CX.Y) « J (VJYJ)X - - (VjyJ>JX 
JS(X,Y) « J(V^J)Y « - ( VjjJ)JY 
?4ow let us consid'Kr al l possible linear expressiOQS of V 
and J of first degree in SJ and suppose that G be the real 
vector space generated by bf St B$ ^» Jb* JB* JS» JfS* 
Again consider soiae bijective transfonnatimis Zf 6t Pt «§ 
Tt J of 0 defined by the following tablet 
b S s ^ J b ^ J S i l 
I 13 t 
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f^^ ^Sf r eorresp^d to ^« ttibttlttiticni of XfY by JSl»J^ X« 
JYiJXylTi siifl Y^K £«spe6tiv«iy* 
t^ c«» let us dsn^ ite by A t(ie rinf of linear ti-snafossa* 
tions gtntrate^ by If Ct P» «§ r § -^  ^<t by A^  tho aubrlng 
of A geinorated by l» !5f ^t dt J* 
MEMMJM* -^n eiemnt i € A U said to bo invoraiblg If 
and only If those exlata an eloisent f € A such that 
f •§ • fl»f «• ! • 
DEPP?1TICI^ « T««2 Piro^aehler staeucturea of linear type fj** 0 
and f^ 0 are said to be ofplvalent Iff given XfY ^ ^^  (M) 
which satisfy f. «> Of then i t it also true that fr,« Of and 
i P mil 
vice«>veraa« 
Aa a conatqtiance of the above definitionf we have the 
f oll««sfiRg propoaitiofi @stablidhed by vidal and Hor/tlle [23] 
which i s a auffielent condition but not necessary* 
t 14 t 
PEQPQSIT^ DWJN* (2.i«l} Two PxG^ KaehXer Stxuetturds of linear 
type i^o Q and fg" 0 are equivalent if there exieta an 
invertibie olensnt f £ A such that f|«f • §2* 
T'^IEuHEM (2«1*2) [23]. The Pre^^ehler stiucture defined by 
f • Tf • 0, whero f ia an ajdbitrary eleaent of A' » ia 
0(|uivalent to the atructuro f « 0* 
Uaing the above theorem* we have the followingt 
caioLLA^ iY (2*1«3) [23]. Let f and h be a^itrary element 
of / / with f i< hi then f -«• rh • 0 ia contained in f*h « 0. 
It ie very natural to ask if there are other linear 
QxpressioTis in ^ J ^th real eoefficlenta that determine new 
Pre«^ <aehler ^tructuroa different froo those already known* 
Hervella and Vidal [23] showed that i t was possible to find two 
new Pre«Kaehler structures namesd as G^  and Q2 structures* 
The defining conditions of G^  and G^  manifolds are 
given as follows! 
Gj^ -aanifold if ( V/)(X,y) - ( \7j3 r^)(JX,Y) m 0, 
and Gg-Ejanifold if 5 f( VjjF)(Y,z) • {"^j^V^iTi^z)] - 0 
»l>ere \/ i s the Bieoannian connection of g* f the 
a 15 I 
fufidaiBBntal. ^*fosia and b ttands for tho cyellc suaovsr 
K,Y,2 
mrmllst and vidai |23] have eatabiisNid ^ a foilOHfing 
srasultt 
..i;H£qEBI C2»l«4)* Thtsa ast ^ l y four Pare«*iCa@hI.@r Striicturaa 
of Jlinaar type that aire tmaq^valent* Tha rapreaantativas are 
UK I J • r • 0 or «(m&valantiy S^I • 0 
QK t I -I' 6 » 0 m atmivalantiy S««Jb « 0 
H i X « 1 « 0 or acmivaiantiy Si^ Jb • 0 
G|^  I B r <•€ « i ^ "( 0 or acpivalarttiy ^^JlH^JfB «* 0. 
They furthar stiat^ ed t!^ folloa j^liigt 
PEUF^iricJl (2»J..5). The ©Kpreaalon 
dF(X,JY»J2) 4>dF(JXtYiJi^ ) •dFC^tJYfZ) •cTCXtYiZ) - 0 
or Qtpivalantly S [(Vj^ FJCV,^ ) • i \I^^){TiwZlj m o 
X f i f Z 
datansifiaa a atniettire and thai^  mil i t c^^atructyxa* 
Th® aigafexaic Juatification to the above claaaificationt 
UBing the theory of niiniQaJL Polynomiaia in t!ia algel^ ra haa 
boon given ologantly by Nagaicht Huaain and Sharfuddin [i8j • 
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They t^ve shown that the^ P3:e«*^ehler Strue^ires aro 
Ue have the foliomdng Inclusion relations ancng Pre* 
Kaehler Structures* 
K ^cZiiK and K <^ H 
^ m 
Furthermore, K = H n wK « AK n KK* 
Now* we mention the foUowinc} theorem «Hiieh together with 
Theorem (2«2«1}» determimis al l possible inclusion relations 
among the various classes of almost Hermitian manifolds defined 
as above* 
IBKOI.^  (2.2.1) Imh ye have 
< m< 
K AK y m < MiK < OK U(SK r) H) < SK, 
< m< 
and < SK < 
K<SKnH 5 K U K < AH 
< H < 
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l-inallft in tho foUo»ing theorem t we give tht incXu* 
si&fi relations betsieen new Pse«Kaeh2.er strueturee eiitabXithed 
by Vidal and HerveUla [23]» 
yH^C^EM (2*2.2)« Aaong the alnost Hexndtian Structures of lir»ar 
typet there exlat the following Induslona* 
K G^  ^ HK c: QIC 
and Q^nQKm ,\K. 
The geometry of 8ul»af^ fdJLd is an ii!|>ortant biranch of 
diffortntidi g^omtsf* specially i t becoaoa nosv convoniont 
aoiaotii^s to immxs& tto given mnifoid into a known aanifold 
and then loots into th© indueod gsQtmtrfp «^ch it adsits as 
aubiaanifoidl* This rovoait many unlcnoim pzoportiea of tho 
iaanifold* 
In this chaptBt vm study the gooaietry of ii9S03:&ad Sfib* 
manifolds in a givon B»nifoidf spnciaiiir thoso of Kaohierf 
noajriy ^ehlsir and qi2asi«4Cd@hi@r nanifoids* 
Let M and 1 be c^ Hioffiannian stjuiifoids with M 
iimersdd in 1« £.et 3'W b@ the aigobsa of jpeai-nralued 
difforentiabio functions on Mf and 36 (M) ^e i ie algebra of 
vector fieii^ on M* Let 3£ d ) denote the algebrii of restrie* 
tiona to M of vootor f teida of ! • Mow «» raay wrl.te 
C s a . i ) 3e (I) » 9£ CM) €> ^^  CM) 
whero 3£ CM) consists of all vector fields nornal to M* Let 
US suppose E t 9^  Cl) •**•> 5^Cl) be the identity mipt and let 
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F t 3^  d l •—•> ^ CM) b® th© Qxihe^tmal projection* Let g 
m th© siotjpiG tuiioor on X (!)# that is» if XtV^ ^ (1), 
then gi^ii) € ^(M). Let V b© th© Rieoannian connection 
of M detorainod bif tho indeed WBtHc and V the BieiMn* 
nian connection of 1 restricted to '£ (1}« 
MOEEM* The ^<?iif|ffl|gatlffl tfntgg i s a function 
T t % CM)X 3^  d ) ••—» ^ CD 
defined tuf the fanaila 
C3»l«2) TjjY » Vj^ y - Vj^ Y , for X.Y^ 3^^ CM) 
C3.i«3) T^Cz)«PVx2 , '03P X 6 36 CM), 2 6 36 CM). 
The eonficr^ jo^ tion teneor T hae the foiicwing proper* 
tiee 
Ca) T ia biiinear over ^ CM) 
Cb) Tj£CY)«TyCK) , for K , Y 6 3^CM) 
C«) gCTx(V)t2:) « -gCT3jCz)tY) ^ for x ^ le CM), ^ 6 3e Cl) 
Utt M and 1 he alisoffit Hermitian mafiifoida with 
MCI. Then M is m aiii^it HemAtian aiihiaanifaid of 1 
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If JX ^ ^ <M) for X ^  ^ (M)t wh«r9 J i t tht aliaott 
cofl^lex structure of H* Thor®for«f the aloiost coo^jlex struc* 
turo of M im tho r@8trictton to ^ (M) of the alnost complex 
structure of !» and let us denote both by J* 
First 9 «»e have the following leona [9] 
I^ M^MA (3«2*X)* Let n and F be the NijerOsiis tensor and 
the Kaehler fam of % respectiveiy* Then the restrictions 
of HfF and dF to IC (M) are the ^iiJenhuis tensor• the 
Kaehler fornf and the derivative of the Kaehler form of M» 
How9 l^t II and f tx3 tlm f^ijenhuis tensor and the 
Itaehler form of bo%h M and I9 tN»n using the above lecssa 
0d have 
PROPOSmON (3.2*2) [ 9 ] . U t 1 ke Kaehler* almost Kaehler* 
nearly Kaehler* < i^asi«Kaehler* or Heziaitian* then any almost 
Heraitian subeiar4.fold of I! has the sane prooerty* 
•»e have the following relation* 
(3 .2 .1 ) Tjj(JY) • VxC«3nf) • Vy^in) m JCV^v- VxV) 
m j (Tj j (Y) ) . 
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Using the a>ovc» relation and properties of configuration 
tensor T^ ma have the following result* 
PftUPUSlTXytl (3«2>«3}E9j« If Mcrl u a Kaehler siyil^ianifold 
and X,V € 3? (M), 2 & 96 (M) » then 
<3»2.2) Tj^ COY) • Jft^CY). Tj^ CJZ) « JTjj(z), 
C3.2.3) TjjjCz) • -^^(Z) - . 
PROPOSiriuN (3«2«4) [9]* If McrU ie a Heraitian submani-
foldf then 
(3.2.4) Tjj(Y) - TjjjCJY) • -J(Tjj(JY) • Tjx(V))» 
(3.3) PPiPOT^ ^ I M W HA^ Hm IWIIF^^ ift^ * 
In £9]i A. Gray has shOMn that an alnost Herciitian sub* 
manifold IS of a quasi»^aehler (ni^arly Kaehler) manifold 1 
io i t se l f quasi«^ehler (nearly Kaehler) and i s a ainimal sub* 
aanifold* Uoreovert the following result i s true. 
PROPOSITION (3.3.1) [ 6 ] . Let U be an alsost Hermitian sub-
manifold of 1 and c^note by B and F the respective holo« 
Qorphic bisi^ctionai curvatures. If H i s quasi*!<aehler» then 
B(x,y) i I(X,y) for al l X,Y £ 3e (M). 
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Th0 foilmdng insult is a gentraiization of « resi^lt 
m® to F« FirantoJl to Moaxi? Ka^hlox taanif oidt [3] • 
tlpQitEM C3*3«2)» l.@t M b@ «i c^)act connset0d nearJly 
Kmhl9x mmii(9l4 ^ose seetioiuil cusvattir® satltfios 
K(X,Y) # K(JX,Y> > il VjjCJXY)!! ^ 
for a i l XtV6 TgjCM) with |xi « ||r|| » 1 and sCK,Y>>>g<^9y}«0. 
I f V and i a3^@ coiaisact aloott Hanaitian sulsaanif oldt of M 
ouch tliat diiaV 4> dlsi v« ^ dim !$# th«ft V af»! ii liave a non* 
oapty intairs@jatioii» 
THE0HB4 (3*3*3) [s]- L&t M Ise a fiaasiy iCaeliler loanlfoid* 
FojT each m€ ^t let ua cat 
uM m S'xe T^(M)/ VjjC'^ rXY) • o» fox a l l Y € T^(M)|. 
Than im any <^n sulssat of M <m which dla Dim) i« conatantf 
th® diatril»iitiofi »——> uim) i t intagtal»ld« rti7tliextiiora» 
tha in&o^iral ait^si^ifolds axo l^^hlex au^sanifolda of M* 
(3*4) iffi^ff^ M. nmi^m^m •wiifQw* 
Qiiati«*^ehlar manifolda axt ia^Kixt^t bacauso thay 
ineludo the ciaas of alsioat Kaohlar and nearly Kaahl^r iianifolda* 
In tha pravioiaa aection wa hsim t@@n that mw0 psopartiaa of 
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iCaehier manUoids have been generalised to nearly Kaehler nani* 
folds by A* Gray* Recentlyf Horvella and i^ iaviera [l2i have 
generalised a theorem of A* Gray to quaei«-Kaehler manifolds* 
lijmnB^ (3«4«1)* Let M be a complete connected qua8i«^aehler 
oanifold vihows sectional curvattire satisfies 
(3.4»1) K(X»Y) -fKCXpJY) Sin% > I ( V J ^ X Y ) ! ! ^ 
for all X,Y € T^(M) with M - \U\\ • 1» g(X#Y) - 0 and 
g(JXtY) B Cos e» for all m^U* If V and w are complete 
almost Hermitian i^ ubiaanifolds of M such that 
dia V 4- dia ii ^  dim M. 
Then V and ^ have a ntm^^mpty intersection* 
THEOEEM C3*4*2}» Let M be a quasi-Kaehler manifold* For 
et e Mf le t us set 
Dim) m JK€ TgjCM)/C y^)(Y) « 0. for a i l Y 6 TjM)|, 
Then on any open subset of M on which dim u(a) i s eonstantt 
the distribution a ——> DCM) i s integrable* Furthermore, 
the integral aubeiafilf olds are f.ashler submanifolds of M. 
PHOPOSiriQN (3*4*3) M* I f U <^lSi i s a quasi-Kaehler sub» 
manifolds, then 
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{3«4*2) T^ (Y) • Tjx^ *^ ^ • ° ^^ ^" »^^  ^  ^ CM). 
Using the relation (3*4*2}t wt have 
y,^ £OR^ (3*4*4) C^ J* A qMa«l«ICa@hl@r subraanifoid It niniiaal 
subsanifold* 
(3.5) MMi^Rw Of ,mi! t^ea ,w^,ii^^m* 
Lot 1 bo a ICaehXer ssanifold of conpldx diatntion n 
iiith aimost convex structure J and with Kaehler itetric g« 
hQt M b® a coiqpiex n-dinensionai analytic tubaianifoid of H 
i««« the isnersion f t M «—> 1 ia holonorphic i*a« 
J«fs m t^^Jp where f«. ie the differential of Issaersion f 
and let uo denote by tho aaas .1 the int&eed cotqplex etructure 
OR M* Ttien the Hiemannian notrie | induced on M ia iiermi-
tian in&trie* It £a easily seen that the fundainental 2*^ora 
with the Hexioltlan s^tric g i s ^e restriction of the funda* 
sental 2Hform of 1 and hence i t i s closed* This shows that 
every complex analytic submanifold M of a Kaehler sanifold 
f i s also a Kaehler manifold with the induced flistric* Such a 
suboanifold M of I is called a l^thtfg f\lil?lflnlf9lti« 
I,©t us iisnot© by ^ (r©«p# V ) the operator of cova-
riant differentiation v^ ith rospect to g iroMp* 9}* For any 
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vector fields X and V m lU the Gauss and Vitsirigartsn 
f oiemiXae iaply that 
V x ^ - ^ V x ^ * JhU,Y), 
tfhich iiiq>ly ths following aquations* 
(3«3«1) hCx,JY) • h(JX,V) « Jh(K,Y) . 
Using the above equation C3»5«l)» the following xesult iisQ&diate* 
ly follows* 
pEij|?ysirxo?< (3*5*1} [24] • Any Kaahler submanifold i s a mininal 
suteaanifolda 
Tho folloaing thoosea gives the eatpz^ssion for the curva-
tuso t&nsosr of the !C^hler stibtaanifolti* 
p c^p g^^ .^3;a| (3«l}«2) [24] • Ui% M bQ a Kashley subaianifold of 
a Kaehlez laanifold 1 and let B and "S be th«» Hismannian 
curvature tensors of M and 1 respectively. Then 
H(XgJXtK,JX) »I(X»^,X,JX) •2g(h(X»X),MX.X)) 
for all vector fields X on /i$« 
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A9 & §Qn99qamc9 of i^ ovd £@«uit dut to Vano and Kon [24j 
MtipusiTIi^ C3«B«3)* ^ y iCaohier miisoanifoXd M of a eot^lox 
@pa€@ fomi MM of constant hol^aozphie ioctionai curvatuso 
e i s totally gsodtslc if and only if M i s of constant hoio* 
iQOz^ hic sectional curvatuxa c* 
CHAPTER Bf 
Thtfo ay» amy ei»B— of •uboHifiifeldt of Kathlor Miii-
foido vitf invuriantf mtlHlnvariant ote** hewtvov roctntiy 
Bojaneu [ l ] tiad Intyoduetd tho notion of ca^oubatnifoldo idiieh 
inelitdoo oi l abovo elootoo in i to roala* TtitiofoMf in thio 
ohoptor* wo Qivo aoxo ooiplMitio on thoory of CRtubnuiifoido of 
Kaohlot nanifoid* 
(4a) trrR9Wl[CT« 
Many papon havo xoeontiy appoaiotf otudying tho eo«pi«x 
•ubaanifolda of a coaploii aanifoldt eapteially of ooapiox apaeo 
fora* B«Y« Chon and K* Ogino IS] atydiod totally roai mb^ 
aanifoldt of a eooplax aanifold* 
In 1978» Aufoi Bojaneu Initiatod tho atudy of a now olaaa 
of aubaanifoida of a eoaplax aanifold ahieh a«t of gtntral natuso 
and includa ai l tho typoa of aubaanifoida* Ho oallod auch tub* 
aanifoldt at CR«ttibaanifol(jM« 
iyEFlNgg3H> Utt l bo a Kathloff atnifold of eooplox diatntion 
A and tt bo an a-dio»ntional Rioaannian tubaanifold inanS^d 
I as t 
in V* Now tvpiioM «n M • difftf«iitiabl« dittribution 
01 g ««•> 0,<cT^ <dla O^m Sp) i i giv«R« Thit diottlbitUoii U 
attuatd to bt iRvatlant m^t tlw alaott eoapiox •ttuetuM J 
on llf thtt i«t J(op « 0^ for oo^ i ^ M* Moxoovor* tlie 
J. i 
eoaplontntory «»tlio90MUl <littvit>itilM D t!«-*-*> ^u^~^^J^ 
CiiiM D^  • 4) i« Mippettd to bo toUUy loolt that iot ^CD,>Ct^ 
for ooeh » ^ M« urtitto TJ^ ia tho imnMl apaeo to M at x* 
Tho aubMUilfoltf li ondowad with tho apir of dUtrUnttlofia 
(D»0^) i a eaUod a CRmmutamnUald of 1« 
Tho diattibutim D (voap* D } aati bo dafinad by a Ptojae* 
tirni P(foap» Q) «hieh aatiafy tha foUowina eoiiditioiia 
(4a«i) P^ • P* Q^ Q» PQ « UP • 0, g«(P a Q) • 0. 
Wa eaii tha diatribution oCfoap* 0 )^ tha horiaoiitai 
(roap* ¥Ovtieai) diatribution on M* 
Zf I tn p«ttisisUsr dl» D^  V 0 (loap* din Dj« 0} for any 
X ^ il» than tho ca^iibaaaifaid II ia a jf^ f^ f^fiff^ ^^  ifi^ mai^ if eld 
<toap» \9%9lir Iftl WJMinlfgltf 9i % U ditt D;^  • din l^B^ 
thofi tho CR^aiibMiiifold ia an anti*holaiM»Aig aubiMnifoid^ A 
CR-a«ib«inUoid ia eailid a RitMI CR-ftifcMlf9M it H ia 
naithar hoioaorphie nor totally roal* 
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Nov If N i t My vtetor fiold In tM mtml bundtet pi>t 
(4a«2} 4N • m • CN 
wh«r« ^ and CN «i« tha vtvtical and tht nonul co^poMnt 
of JN rotptctivoiy* 
li£|£i|||2li« Lot R bo the citwotitio tonoor of tho mtml 
eonntetiofi v^ • A local noxtiol voetor fiold N i^  0 i t oaid 
to bo « r^m^w^ii^^ iiOMioi •oeti< i^i if V^ N « 0« foir ooeh X ^ 0« 
Noi»t oineo V !• « Koohlovlaii connoetion« oo fiOB tho 
oquationo of Qoiioi and WoinoartoAf by conpasiiig horlsontalt 
voirtieal and notaal pastOt «o hnvo foapootivoly 
(4a«4) Q( V , ^ ) • Q<Aj^ yX} • BMXfY }« 
{4a#») h(x»Ji»y) • Vj^*iY • jw( VjjY) • C M X , Y ) » 
for any ifoetof fioltte XfY tangont to It* 
(4.2) liSTIfflAi, ^VRyATVfli 9F A ffR-«WMftHlf9m* 
Lot ua aujppooo now that II la a cooplox apaeo fof« of 
eonatant heloaosphle aoetlonal otirvatiiyo a* Thon tho cusvattiro 
tonoor R of 1(e) la glvon by 
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( 4 . t a ) R(X,Y)Z • V4 |g(y»2)X -g(X,2)Y •g(Wt2)aX 
•g(jx«z)jnr •2a(x»jy)jz) 
Tht •quatien of Qw iMcoats 
(4*2.2) 9(R(X»Y)Z»V) • V4 [^ CYtZ) g<X,») ^ (^XtZ) «(Y,«) 
••^ «(JFY,Z) g(JFX,«) 
•«(JPX,Z) «(JPY,«) 
•:^Cx»Jinr} g(irz»w) 
•«(ll(X.W), ll<Y,Z))-«(li(X»Z),h(Y,i)). 
Tht ••ctioAftl enwattixt 1^ of M dttoxnifitd bf orthonozMi 
voetoro X and Y airo givon by 
(4*2.3) I^ CX /\ Y) - V4 ^ 1.43i(QX,JWr)^ J4g(h(X,X).ll<Y»Y)) 
-«{h(X>Y)» h(X,Y)). 
JpEFPi^ loif* tho lioieaox|ihi€ •tetioiiAi curvaturt H of M 
dottraliitd tif a unit vteiot X ^ D is %im toetionai cawatura 
detacmlfitd by fxt JX^ • 
Htnco froa C4»2*3)» we havo 
{4•2*4) H(X) • ef0(hCX«X)» bCJXfJX) «iKH(X«4X)t h(Xi lX)) . 
DEPIWITIOM, Tht hotixtntaX dlatvlbtttion 0 la ealltd JUOSUdMl 
with itaptet to tht Ritaamlan eonntetlen y en M if ^ ^ 0 
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foy any tWD v«etor fioXds X»Y Q 0« 
NoWf «t hav» th« foUowing rvtyU dut to A* B«i«nett ( ij* 
Xililgll (4«3*l)* Xf II i t a CR»MibMiilfoid of a €C«pUx 
•paet fon ICt) and D ta an involutlva diattibution than 
tha hoiOBOispliie aaetional eitrvattura aatiaf i*a H(X) ^ e» X ^ 0* 
mvmntm^ Tha ca-aiaaoanlfold ii la caUtd jHHItaHY qfftdttis 
(«aap« o^«^taUy gtodaaie) i f h(x»Y) » 0 for aaeh x,y Q o 
(raap« x«Y^ 0^)* 
Than again fro« (4«2«t)t «• hava 
Tl^EQREM (4»3*2} [i]« A CR a^tiboanifoid tf Of a eoapitx apaea 
fora 11(e) ia I)«totaiiy gtodaaie if and only if tha foiioiaing 
conditiona act fulfiliad 
( i )• Tha horisontai diatvibution ia involutiva* 
(U)» H(X) m e for aach X ^ D* 
NoWf iat [Ej^ t*««»E^2 ba a iecai field of oHhonosnal 
'—••" " -•««»* \H VVi -« t V » . ^ 
(i«ap« f'^ j|toM***«tB2B^ Q 0 ia a loeal fiild of fraMa in D 
(saap« 0 )• 
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DEPIMITIQM. A CR-«UbMlllfOid M U e«U«d O-oiniMll 
i»l !• [ *^  Vt* Vt^ i - j^^* 
jiyyjABS* Bvtsry CR««tita»iiifolil w&tli Inifoaiitiv* horitontai dlt tr i* 
btltiOfI i t IHi i l l iMl l* 
NoWf iw !i«v« 
X£ig£M2i C4«3«3)Ci]« se a i t 0 ««ii&£Mi CR«t«tbMiiiftid of 
i 
«f «tiiplft8 tptet foxii K 9 ) f thtfi IS i t D <«tottily gtodttie 
i f tnd eiiiy i f 
(4«3»9) l^ |(X A V) • V4 few a n X,Y ^ 0^. 
mMlM* A CR-tutattfiifoid M i t eti i td gR-|t1iiiiY flWdttIg 
i f MXtt) « 0 ftff tfiy X 6 0, y ^ 0 ^ 
Tht timtitfitl ciarYttyrt dtttfaintd by orthonontl vtetort 
X ^ D tnd y ^ O ^ i t ctUci! fiR'ilttllOTii ftfUffUBTf * 
JMWIL (4«3«4} ( i ]« t f tilt CR«ttetitRai eityvttiii!i> of M i t 
fivtR %f 
H|(X A Y ) . V4» for a i X ^ Of Y ^ 0 
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•fid out of tht foiiawliig concHtiont is fu l f t lUd 
( i ) II I t CHilllittii 
( l i ) II i t O^-olfilna 
< i i i ) M i t CRHtttUy got<SMi€4i 
(4#3> Mmmik mm\k Mmm^ mA^MMmmM9w* 
l»% M bt « CR«tutaiRifoicl of a Kathitr auiifold fi» At 
JO i t t vtctoy tubtoufidit of tht noxnil bimditt «ft dtnett tht 
tos^ioatfittry oxthogonti vtetor ibimdit of JO lay )»• 
SMMMML* tht CR^-ttttatnifoid « i t t t id to tot aiatd totally 
ff-f^^.^ i f liCXfY) • 0 fo» my vtetor f i t ld t X ^ 0 «id Y ^ 0"^ « 
Utm$ «t ti&vt 
J^ gj^ lia^  (4*3*1)« A CRtuliMfiifold M of a Kathitr Mnlfold 1 
i t adxtd totally gtodttie i f and only i f / ^ € 0 foir eaeh 
X ^ 0 and N ^t,^(M)* 
Sintt V i * it KiMihlot eoimtetiont to ftoa tht tquation 
of utingatton wi haw 
i 1 
(4«3*i} J i ^ « J V ^ I I • Aj||X • Vj^ JH fotany X ^ O and 
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Tlitivfoft mitnQ •quation C4«3*l) and abovt IAIIMI* W tiav* 
Mlklk (4«3»2)C2}» U t M b« a ttlMd totally gtoaaaic CR-aub* 
nanifald of a Kaafilay manifold fi« Thtii 
(4»3«2) K^ m :iA^ fot X ^ D and N ^ |i« 
Aoain uaino aqpiation C4»3«l), «• iiavt 
COROLLARY (4<i3«3)ta]« Zf M iui a fliixad totally gaodaaie 
CR«aui9aanlfold of a Kaahlar aanifold 1l» than «• tiava 
(4.3*3) 4 V x » • V)^ «W 
and 
(4«3#4) V^n £ Ilk. 
fffir any vaetov flaldt X ^ P and N ^ ti« 
MymitJEQif* I f tlia tiotisantal i&atfiiHition to invi^iiitivat 
than M la eallad a foliata CR^atihnanlfold of 1« 
MQPOSiriOH C4«3«4}» h Ot^-atthaanifold M of a Kaahlvir aani« 
fold H ia foliata i f and only i f tha sti^ ond fundaoantal foxa 
h aatiafiaa 
(4t3«$) MXrJy) • MMfY) 
fw '^ aoh XfY ^ 0* 
I 35 • 
Umtt using th« abev» fMropotit&oii» »• h«v« 
J^iig^ <4«3«5)4r U t II !»• • HIUU CR««ilHiinUoid of « 
tCtt0lil«» aantfotn l « St II i t aftwHl totally g^dttict thou 
WW ttmww 
(4»3*6) ^A||X « «*A||JX 
for any X^O and N^T^^dl)* 
(4*4} • gfiimWfflg^ligi W A ffSWPyX §P/«ffi fWf 
tot 9 b« a eoa|>lox iqmisa fom of oonatant holoaoxphic 
•oetlonal eurvatusa e* Tha curvatust tanaor of 1 la glvan i>y 
(4*4.1) t(X»y)Z • V4 [«(y»Z)X «9(X,Z)Y •gCZfJiDJX 
«g(z,jx)jy •a8(x,jy}jzj 
wtitM XtYfZ ata vactor flalda on 1« 
JMMSML* A Cll«aitfMMU(a.fold M of I la eallad (lUa)* 
tetallir ooodaaie. I f <aa liava ^ « 0 for aacti X ^  D and 
liJiSiai C4«4«l)[2l* lat II ba a aAxad totally gaodaale foliata 
CR«aiitoB»nlfold of a eoeiplax apaea fotn ll(e>* I f tha noraal 
oonnaetion la (Ott^WUtf than C X 0« Tha aqitallty holda 
good I f and only I f M la {Dtii)«^tally gaodaale* 
I 36 t 
DEFPilTDQN* Tht v«rtie«i <!i«t]r&butlofi 0 I t taid to b9 f lat 
with f«tp«et to thi UvMiv iU eormoetion on M it w h«vt 
VjjV ^ 0 ^  f«» any voetov f i t ld t X»Y ^  oK 
Nov* «t can ttatt ^tt foUovtna voatilt* 
Xi^iaigi C4#4«2)[2}« U t M !»• a CR<»atilittanitoia of araai Co* 
^ntiiiloR 4 ^ 2 of a eoi^ iioje amtco font 11(e) of ooopioii 
diatnaion M q^* I f tha voriieai diattilitftion of M ia f la t 
with xaaptct to tho Lavl«Civlta oonnaation on il« and l^f/||fJ ""O 
foir any nosval voetora N and % than tho aoetional o^rvatiuro 
l^ of M tatitfioa 
I^{X A t ) - V4 
for oaeh fiair of orthonofoal vooteita Cx«Y) fxoa 0 • 
Now* foobining TfioofoaMi (4*3*3) and (4*4*2) wo tiavo 
XliigBlil (4.4*3)C2}* U a CR«aulMttnlfold 11 of a Kaohiav 
manifold H aatlaflea tho condition of thaoroo (4*3*3) # thon 
i« la 0 Hotally good»tlo# 
mx9l B9i9mu and H* Papag^e hav« IntroiSitcaci and atttdltd 
a«ai*invayiant attbaanifolda of a aataician sanlfold* 
aottghiy apaak&nf a aatti«>invasiant aubvanifoid of a awald^ ift^ ^ 
oanifold la a notion eonraat^ ondlng to tHat of CR«auteaanlfold In 
a ICa«lil«r nanlfold* Tha iw^poaa of tha ptaaant chaiptar la to 
atttdy aeal«4nvavlant ayiaainlfold of a naavly aaai^l«i aanlfold^ 
In paftloular tiM Intagv^lllty concflitlena of dlatHtoutlona 0 
and 0 • Moat of tha ra»ilta in thla ahaptaip ajra obtalnad bf 
tlia atttlioir Cl3}» 
l»at 1 bo a C2ni«'l)«dlaifialonal naavly Saaaklan aanlfold 
wltli atirttetttta tanaoara (#t<^f%9} and A ba an »«dlaanalonal 
aubiaanlfold of I I aueh that tha vaetor f lald <^  of 1 la tan* 
gant to M* tfa d^nota by [^] tha l^dlvanaloaal diatslbutlon 
apannad by <^  • Alao wo danota by tM and TM tha tangant 
bundia to M and iraapaetlvaly tlui noi«al bundla to M* 
t di I 
SMMMJiM* '^^ tultaialfold U of 1 i» «aU«d « m l * 
gonat illtt«ibiili«fi 0 and 0 «m M •udi that 
( i i ) thf ^aiattibitUofi D ! • Ifivastant inr 0t tliat i t ^ 
#(D^) • S»^9 for •«6l)i point l» ^  II* 
Clit) til* cSitttltotttlOR O^it iiitl«tiivotiant bf ## ttitt 
It^ #ClL>c:TJi9 ftsr oaeh point ^ ^ Mt wtitvt T^ll) 
to ttit noiml tpaco <if fit at P 6 ii» 
dtneta tof P and Q tho projaetton optjratera on 0 
•nd 0 foaptctivtif• Tfiont for any troetor flold X tangtnt 
to Mt M can tifitt 
Cd#i*l) I tt f»X • CSC # i|(X)(^  * 
Tlio dtttrltetim D to coUod hoiHiaontaJi and n^ la eaUod 
vortleal ^atrlUEitttlon* 
For any voetor f itld H noraalL to li» w put 
aiHoiw »J i i 1^0 tanoontltai port and Ol tht n<Mnni 
1 ^ 1 
iMurt of |lf# 
For obtelfiing tli« lRiftgs«l>Uity ^ncHtion of ttit dia* 
ttilwUen 6« «t fi jnt •tlMtibliali th« folloMin^ IMHNI* 
^U||£|4 CS«2«i}* %»% it !»• a ttalwiiivaxiAfit fttbauiifold of « 
mmttf tdiakiaii mntfttd 1 * Thsn 
fot XfY ^ Oy wlitto 5 I t ttio tontosr glvon by 
(S.2*2) S<X»Y) • N(X»Y) -^  <!nCX,Y)^  
«fl<l «tlt£t 
(s#t*3) n(x»y> • t*Kt*rl -«*XfYl •4tXt<«f3 • ^ X » Y 3 
• ^V|K*^^ • CV|yWX •W^ytoX -•(Vx<^^^* 
i t th9 Niltitfiuit ttntot of #• 
[• rot XfY D* wt havt 
••aC V ^ %tH8<h(#Y,x)-tiC#x,Y)) 
4CCll(|YfX} «il(|KfY))« 
t 40 I 
•B(h(y»*x)-ii(x,<nf))*c(h(y,«x) • 
•I»IX,Y3 •QlXtYj. 
Thii* tubstittttiiig tlitt* into (9*2«2)t wt g*t 
(5»2#5) sCx,Y) • Pt«x,*Y3 •a[#x,i«rJ+*PtY,#x]*Qi»[4ff,x3 
On tti» 9%hn hand by tht dtfiniUen of ntarly MMkUfi 
Htiie* w« havt 
(5.2.4) (V^)Y-(^^Y*)X«g(Y, Vx^  )f -^CXt^j^)^ 
t 41 t 
Thy** tulisU^ttiAg <S«2»4) and C9»2*6) Into CS*2»a) 
againt m% 9«t 
(S#2*t) S(X,¥) • 2|P( ^yiOl- Vx*y) • S*Q( Vy<K- "^l^) 
•2B(hCY,<80 -li(Xt*f)) •X(hCyti»C>-*iCx,(hf)) 
•2PlX,V] -aQtK,Yj • 4gC^»Y|j • 
nrntf im « t t ^ l l i h 
]Qll^ii (9«2»2)« Let M b« ft ttttlwlnyarlftnt iulMMniroid of 
ft nftftvly ftftftftk&ftn ttftnifoiit 1* THtn D i t intogrftbift if m4 
only i f 
(»#2.«y S(XtY) € D 
ami 
(ft»2«f) li(Xt#y> • H'iM^ f<» x«Y ^ 0, 
J^l^* %i9% ttft ftuppwio thftt 0 ift intfttiipftliiftff ttiftn by 
Yirttift of (9«2«5)» S(X«Y> € 0« 
HflW« ftOB (5*2*7)t wt hftVt 
a»Q( Vy*X • Vy^) • S M Y . W • h(X,«Y)) • 0 . 
Applying # t# tim ^toom oqpfttiont wo iiovo 
I 42 I 
Or* MXttV) » MYtlX) . 
COHVERSELY^  W9 wppo- that (9*2«8) ailtil (5*2»9) hojLd* fhtfl 
•inc« s(x,y) 6 0* io frtNi (5«2*7), «t lMv» 
a^^iVy^X - ' ^ ) •2«h(Y,|X) -h(X,*Y)) •3Ki[X,Y3 
Again applying ^ ta tht al»ttva aquation and uaing 
Mx,#Y) m h(Y,(x), wa tiavt 
- QC ^ Y^^^ - Vj^Y) • •y[x,Y3 • 0* 
Offf ^tx*Yj • 0 ««> aCx«Y] « 0 i»> [x,Y] e o * 
«»> D ia intagrabia* 
For obtaining ttM» inlagvability condition of D » wa 
f i ra t aatabliah tha folloiiing iaonaat 
^M6tA (5»3*i)« U t M ba a aaiil«"invaxiant aulsninifoid of a 
naariy aaaakian sanifold H* Than 
(5.3.1) iV^)Z « I J A ^ - ^zY -ag<Y,2)^  •V^Z -V^lY 
I 43 t 
f o r YtZ e D-^ . 
£ggg£* Using W^fi9ftfi«ii fofOuU aiifl th« faet that IV «iid 
4x «rt iioxnal to M «• ¥#Z <€ D » wo got 
- ^ J. -t 
(9*3*2) V ^ • V^ *^  «• ^ Y^ - A^Jl *V^Z - Vjj^ y* 
AltOt »0 hftVO 
CS.3*3) Vy#2; • ^2*^ • ( VyWl • < ^2*)Y • WX,Y3 • 
<9*3>Sd and (9»3*3) givo 
-•tY,z3. 
lioroovos* «o htim 
iV^n • {V^>f m i|(V>Z • n(Z)Y • 2g(VtZ^ • 
M M lo 0 iO»i«ifiv«riaiit oulHMiiifold of a tioajrly aailElaii 
aanif old 1 oo abovo oquation lodlucoa to 
C»*3#5) (V^)Z • iVj^)r m .2g(y,zy(^ • 
iMMIng (9»3*4) m4 Cd«3*5)f wo got <9»3*l)» 
4 g ^ i | Ci*3*2)# lifOt M l»o 0 o«iBl<»lfivairlant oubnanifoiiS of a 
noasiy aaiokl«i aaaifoifl 1 * Ttioii 
• 44 t 
4ii(x,y) - - ^ • Vj^if • 2B(X,Y)^ - • V^Y • C VY* )X 
«9(Xt^ )Y* 
faking trnidtr ptodtoet tUth 2 ^ D # »t 9«t 
«-g{X»^ ) gCYfZK 
On tNi otlMt hamif «NI tiavt 
9(^(x,Y)t2} • «QlhCx»Y),^ z} • *g(^frtX)« 
Froa thtt« t<|ti«tiORt» «• hav« 
«1lC>^ 2^ 9X) m «f(i^yZtX} «9((Vyt)Z«X) 
•S(Y,Z) sCXt ^ )# 
I 4S t 
.1. 
«»f ^£f - A ^ - < Vy*)z • aCYiZ)^ • 
• V ^ Y • •PtXfY) • •QtY,z3 ] . 
Frott which w« hav« C9«3*6) • 
Ftott tquAtion (5tt3*7)i wt alto hava 
cORqiTLAflfy (5«3*3}* U t M ht a aatti^invaxiant aubMnUoid of 
a noariy aataklaii nanlfold 1 * Than for YfZ ^ o # wo havt 
V ; ^ • Vy#Z • •CifYtll* 
FinaUyt wt inrovo tho foUowiAQ thaoratw 
THEQfiEM (5«3«4)* U t It bt a aaatHnvaariaiit ayDaanifold of 
a noarly aaaakian aanifold ! • Than tha diatarii»utioR 0 la 
Intagyabta i f and oniy i f 
<»»3»8) A^ • A^y • 0 for Y»Z G t>\ 
^i^it* Stippeat tlw diatfilHition D ia intagrabia* Than 
for Y*Z € o \ wo hava [YfZ] ^ 0 ^ Thia givoa P[YvZ] » 0 
and fvos (5«3*6) Ufa gat (9*3*8)* 
I 46 i 
mSiMMML* t^|ii>i»i« i^*$S} imU9* imm (5*3*6) QIINI* 
4PlyfZj m Q» Sliic« 9«iife # w 2fi« ThtftfUft lit hmm « i ^ t t 
I»IY«E} • 0 m ^[Yi^l » it<^ * But f[YfZj « K^ i t iN^ i t lb l t 
• • P h9%m 9P»Jtetloii optirdt9t on I)* tfiut I^ Clf#z| ^ S 
If M i * «• R^ ^ &« H#ii4P« f l l f i t i » 0 «r« CVfll 6 &^ Utile* 
Vtftoiii MiitlMintU«lafit tmm ttucj^td tulMMfilf^Idt of 
Ktth^ir naiilfoldt and eofl^lti t^aet fojmt* biit tht tulwinl* 
foldt of mmtf ^ti l i i t t maiiifoldt iftt* i« f t imttttciitil thoit^ 
tH«y tMvt Kteii ffoaetirie m^ t^p^ologletl txo|i*t%it»« Tht 
olBvldiit i l l f f l ^ i l f «nt}i %iiit f^>|}l«s I t ttiat tli» tIaiNit 
eoi^ltic t^uetuvt I t m% psmtitUt %Um i^tliltt •tttlfoltitf 
Int t t td I t I t klllli if» i t tfidtvottf to im^itltlct ttit pvoblmi 
of ttitdyliig vttloitt ittlnMnlfoldto of atatly iCatliltr natilfolat 
III mm fiitiixt ptymlt* 
t ^11 
R .1 f E B i H € fi S 
P3t#6« m»m Mstlkt S<»€«t 69Clt$7d) I3S»|42« 
C23 .-....--.;--..,....- -.... t ca«-im1iatnlf<»l<l8 of « Kiolilfiir oaitifoid* l i t 
IiMmtt /^ Bi»ir« Math* aoe«t 290Ci979) 333«»34i« 
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liOftiiff Hoto In ttstliendties* Vol* i09« 
Sfjelnfi^ VotIi9 l^ tw Votlc Ci9?^)* 
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[S] CHiHyStY* %M • On lotdllif fd«i oii^aafiifold* 
OOmiit fC« ft«fia« m»W* mthm S0<;», I93CI973) 2»7« I^6» 
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BSKilA f^ i» «70 not algtl^il«« 
mmt* Matii* Soett 98(i953) 4#I«QOO« 
(?} 0^1,^ I t E* I Cotii^inietl^ dfii tt0|>9ttiet of toaii 6»^ai»i* 
sloiiiiJt #lM3^ dt <(rOni»Iox AitfilfoSil* 
tmmm mm^ Matii* s#$«i f7(i9Si) 40?«4^« 
j« i>iff« a«o«« 4{wm) mn^^m* 
M ,,.,,„,,.,--„,.,„-,,;,,-;, I Mifilaai vavltios ami alaoat Homditlaii 
tul»»^lfol^» 
mcHliiHi ilatii« Jtt I2(19$5) a73«^7« 
[^ ^2 --- n f ^^m %mm^lii9 of alffiOit Hofnitiafi aaiiifol<^« 
I 48 I 
ItXl ca^ AYf A* ani i Tht tixttttfi datt ta of ai«ott ftofiattlafi 
mfNEtMt Srfll* atnlfolilt amd tlitiir Sttmur iiiv«¥lJint«« 
mnm Matt PltXtt AppI* 1^(1980} 35-98* 
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a fiaarly taaaklan mafilfoid* 
TtnioVf H«S«» 3^(1982) 2J»-»:m» 
Cl6] , ,, . I ,..- , t CR»tulHMinlfolds of a aasaklan ap^ea foxn 
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HUSABi s X* tlabJUi ttaiiSf o*d9« 
* * «^ mU Aead* mth* Ut (1983) 41-90. 
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